In this note, I briefly revisit the possibility of a physical 12-dimensional F-theory, in view of a recent joint investigation with H. Sati [1, 2, 3] on expansion from type II string theory to F-theory. In particular, I shall discuss Lagrangians and signatures, including a new possible phenomenological scenario of compactificaton from dimension (9, 3) to (3, 1).
Introduction
In [1, 2, 3] , Hisham Sati and I investigated an interesting modification of the K-theoretical topological sector of the type II string partition function [10] , [11] which uses elliptic cohomology instead of K-theory. Trying to interpret this function, which appears to arise in free field approximation of a certain dynamical theory, we eventually concluded that the theory needed is F-theory, which confirms earlier proposals, notably Vafa [4] .
F-theory is a theory on 12-dimensional spacetime. The type of F-theory which arose in our consideration was on V 12 = X 10 ×E where E is an elliptic curve. Modularity of our elliptic partition function is, by the proposal of [3] , related to modularity of the first cohomology group H 1 (E). We further proposed that modularity of the elliptic partition function contains S-duality in type IIB string theory.
To construct the elliptic partition function, however, one surprisingly encounters an obstruction in dimension 4. Depending on the flavor of elliptic cohomology involved, this is w 4 (X 10 ) or its lift, possibly as far as to λ(X 10 )
The author is supported by NSF grant DMS 0305853 mod 24 (if we want to use topological modular forms). This was a surprise, because such 4-dimensional obstruction occurs in type I and heterotic string theories, but not in type II. This seems to indicate that the F-theory we encounter should unify all these different flavors of string theory.
Therefore, one can ask the question if there is a fundamental physical Ftheory which could have such far reaching unifying properties. Such proposal is not without difficulties. In particular, one must propose the physical laws governing the dynamics of such theory, or at least, to begin with, a topological Lagrangian term. Next, one must determine what is the "physical" signature of spacetime. Ultimately, if fundamental F-theory does exist, one must ask what if any connection it may have with the real world.
In this note, we shall make remarks on all these three circles of questions which, in combination, provide some evidence for a unified F-theory proposal. Signatures are discussed in section 2 below. The beginning of this discussion was included in the concluding section of [3] . In fact, much is known. In particular, signature (11, 1) seems to be inconsistent [13] . Signature (10, 2) has been proposed, and in fact is motivated by modularity formulas of Borcherds, Harvey and Moore [6, 7, 8] . Supergravity in dimension (10, 2) has in fact been constructed by Nishino [15] , see also [14] , but found to contain null states which render it not fully Lorentz-covariant. Nevertheless, this scenario cannot be discarded. In this note, we shall remark that at least numerically, another scenario, namely signature (9, 3), is possible.
In fact, if a theory exists in signature (9, 3) , it prompts a tantalizing new idea on phenomenology, related to the fact that (9, 3) = 3 · (3, 1). It is possible to propose that spacetime is a triple product of a (3, 1)-manifold, where G 4 , which controls cosmology, is concentrated near the diagonal. The particle content of (9, 3) SUGRA seems to allow that gluons be unified with G 4 , and therefore the strong interaction would cause local expansion of the effective 4 dimensions of spacetime into 12 dimensions, thus explaining certain phenomena, notably the distance behavior of strong interaction. We shall speculate on these topics in section 3 below.
In section 4, we give an example in M-theory. There, trying to unify field strength in homotopical terms in the same way as e.g. type IIA and IIB field strengths can be unified by K-theory, may in fact lead to maps into S 4 , which under certain circumstances can produce a splitting of spacetime. This is provocative as evidence of splitting spacetime purely as consequence of formal behaviour of the fields; it also hints at the kind of splittings G 4 produces. However, only in 12 dimensions in the signature (9, 3) can one have the kind of symmetrical splitting which we propose here.
Of course, the dynamics of the proposed theory would have to be explained. In section 5, we shall attempt to discuss the topological term of the universal F-theory's Lagrangian. As pointed out in [3] , there are two main sources of such terms occuring in the literature, which appear to be different. One 12-dimensional theory arises on manifolds with boundary Y 11 when defining the topological action of M-theory on Y 11 [9, 10] . Another is the "standard F-theory" [5, 3] . The phenomenological perspective seems to favor the leading term of the former theory. We will attempt here to explain this, and to show how these two forms of F-theory could possibly be reconciled in a universal theory.
Finally, a few concluding remarks and problems are mentioned in Section 6.
Signatures and supersymmetry
As originally noticed by Vafa [4] , F-theory should be considered in physical signatures. The purpose of this note is essentially to add a comment on a possibly interesting new case, which is the signature (9, 3).
Let us start, following the discussion in [3] , with by looking at Clifford algebras in twelve and eleven dimensions with various signatures. A discussion on spinors in different dimensions and with various signatures can be found in [12] . In twelve dimensions, we are interested in (s, t) signatures, with t = 0, 1, 2, 3. One has symplectic Majorana-Weyl spinors in dimension (12, 0), majorana in dimension (11, 1), Majorana-Weyl in dimension (10, 2) and symplectic Majorana in dimension (9, 3) . For the Lorentzian case, (11, 1), we have Majorana spinors. In this case, one can try to form a supermultiplet for supergravity formed out of 320 bosons and 320 fermions, but the gravitino and the form sectors of the structure are incompatible [13] . One can then ask whether one can construct supergravity theories with other signatures in twelve dimensions. A general discussion on this can be found in [17] , and a proposal in the (10, 2) signature can be found in [14] [15]. There is however a difficulty with supergravity in dimension (10, 2) that it contains null states which violate Lorentz covariance. Now note that for (9, 3) we can have symplectic-Majorana spinors. It therefore seems possible to propose a particle content for a N = 1 (9, 3)-dimensional supergravity. In lightcone gauge, the number of helicity states for the gravitino is (9 − 3 − 1) · 2 (9−3)/2) = 40. On the other hand, the graviton has 7 2 −1 = 20 degrees of freedom, and the potential associated with the G 4 field strength has 6 3 = 20 degrees of freedom, leading to the same number of bosons and fermions. It should be stressed that this lightcone calculation assumes a "realistic" interpretation of the higher signature, in the sense that particles really physically move on, in this case, 3-dimensional trajectories. If we were operating under the assumption that particles merely move on 1-dimensional worldlines in a space with higher signature, the numbers would not come out right. This is evidence that the theory somehow involves true intrinsic dimensional expansion, including a dimensional expansion of time. We will explore some possible implications of this in the next section.
3 Possible phenomenological implications of signature (9, 3)
Suppose now that the (9, 3)-dimensional SUGRA considered in the previous section is the low energy limit of the appropriate sector of F-theory. The interesting point is that (9, 3) = 3 · (3, 1). This leads to a new possibility of a phenomenological 4-dimensional compactification. Instead of KaluzaKlein compactification, where excess dimensions are compactified to Planck length and viewed as an extra structure to spacetime that produces gauge fields, let us assume that
and that G 4 is localized around the diagonal
Note that such solitonic state of G 4 could be stabilized by a non-trivial pairing of G 4 with the diagonal (a "cosmological constant").
This is so far not so different from other phenomenological scenarios, but a unique feature of this model is its added symmetry: every dimension is split to three subdimensions, which are very closely confined by the G 4 solitonic state. They are, however, 12 fully functional dimensions. What is however the physical of these new dimensions and where should they be observed?
There is one tantalizing suggestion. The lesson of string theory seems to be that strong coupling leads to dimensional expansion. This was shown by Witten that M-theory is the strong coupling limit of IIA string theory [18] . For gauge theories and sigma-models, there have been suggestions of such nature (see [19] ). Therefore, one might suspect that the 12-dimensional expansion of 4-space should be observed in the strong coupling part of the standard model, which is QCD. In other words, QCD phenomena might lead to local expansion of dimension, or observable deviation of G 4 from the diagonal. Note also that in signature (p, q), the distance behavior of interactions is a decrease with r −p+q . We find it intriguing that for p = 9, q = 3, this is r −6 , which seems to be enough for confinement, and not far from observation.
Of course, to calculate this qualitative prediction precisely, we would need, among many things, to identify all the relevant terms of the Lagrangian. What we can say, are, perhaps, first observations about the standard model gauge group in relation to our proposed (9, 3) F-theory model. The gauge group should be a local consideration, so consider the biggest subgroup of Spin(9, 3) which stabilizes a (3, 1) subspace. We certainly have a Spin(6, 2) subgroup there, which in turn has a compact subgroup Spin(6) × U (1). We have SU (3) ⊂ Spin(6), so we see that it is well possible that the gauge group of standard model massless interactions is contained, quite "tightly", in our model. Whether and how the symmetry breaks to the symmetry of the standard model nevertheless of course remains to be clarified.
Our last comment consists of the role of mass in the weak interactions of the standard model. Note that we did not observe the weak interaction SU (2) group as a part of our solitonic (9, 3) supergravity gauge group. To explain this, it is possible that masses in the weak interaction are in the F-theory model not fundamentally caused by a Higgs mechanism. Rather, they could be "massive states" in the sense of string mass.
An example in M-theory
The idea of topologically splitting spacetime as a product of spaces of dimensions equal to fields occurs also in M-theory. In this section, however, I will outline an argument which is entirely topological, and perhaps somewhat unexpected. Let us start with the Euclidean situation, a note on signatures will be added later. In M-theory, we have two basic fields G 4 and * G 4 , connected by the equation
A long standing question (suggested to me first by H. Sati) is whether these fields can be unified and expressed as homotopy classes of maps of spacetime into some classifying space
(where the square bracket denotes homotopy classes), similarly, as, say, is the situation in type II string theory (where the classifying space is the infinite unitary group U , classifying the group K 1 (X 10 ), for type IIA theory and the space BU × Z classifying the group K 0 (X 10 ) for type IIB theory).
From this point of view, (2) is can be interpreted as an instanton equation.
Now there indeed is a very simple topological space which appears to fit these conditions, namely S 4 ! That space has rational homotopy groups precisely Z in dimensions 4 and 7. It also has some torsion homotopy, whose exact role would have to be clarified. The equation (2) however is rational, and from the point of view of rational homotopy theory, it can be said to exactly express the sphere S 4 . This can in fact be made precise. In [20] , every space (say, with trivial fundamental group or even nilpotent fundamental group acting nilpotently on higher homotopy groups), is associated a graded-commutative differential graded algebra called its minimal model, and containing all its rational homotopical information. Now for S 4 , this differential graded algebra can be in fact written as
where P resp. E denotes polynomial resp. exterior generator (this example of spheres is in fact explicitly treated in [20] ). In this form, the differential is precisely expressed by the equation (2) .
So, suppose we conjecture, on the basis of this, that
Then however (3) says that the total field of M -theory in fact classifies maps of spacetime into a 4-dimensional space, namely S 4 . In a very loose sense, we can thought of this as spacetime being "fibered" over S 4 , and therefore four dimensions are being split off its 11 dimensions. Of course, this "fibration" may collapse to a single point if the field G 4 vanishes, but in other sectors it may be an honest fibration, i.e. a map which is locally a product. Such splitting has been suggested on other grounds, such as AdS/CFT correspondence, but as far as I know, not on the basis of purely homotopy-theoretical structure of the fields. The other contexts however hint what one should do at physical signatures: the correct way likely is to generalize the picture to where S 4 could be replaced by a manifold with (3, 1)-signature. One can then still work with "compact supports".
The upshot of this M-theory example for the purposes of the present paper is that splitting of spacetime can in fact follow as a consequence of the behavior of its fields. The unique feature of (9, 3)-signature in 12 dimensions however is, as commented in the previous section, that it allows a symmetrical splitting into three equal copies of a space with (3, 1) signature.
Lagrangians
Section 3 started with a big assumption, namely that there exists a physically consistent theory in 12 dimensions. Moreover, euclideanizing for the moment (we shall return to the signature discussion below), the geometrical comments we made suggest that the leading topological term of the theory should be of the form 1
The coefficient 1/6 is taken from [9] . There, one takes a 12-manifold Z 12 with boundary Y 11 , and computes
We see that the leading term of (6) is the same as in (5) . The second term of (6) is a 1-loop gravity correction term. This term, in fact, causes (6), interpreted as a phase, to vanish for closed manifolds, which is needed for the purposes of M -theory. This is our first hint that terms may appear in different forms depending on what role they play in the theory. Let us now discuss some more examples.
A 12-dimensional F-theory was in fact first suggested by Vafa [4] , for quite a different purpose. It was proposed as on a fiber bundle over type II string theory, where the fiber is an elliptic curve. In [3] , jointly with H. Sati, we obtained evidence that this compactification could explain S-duality in type IIB string theory, via a relation between S-duality and modularity in H 1 (E) where E is the fiber. Very interestingly, similar relations in fact also emerged much earlier in Borcherds-Harvey-Moore theory, [6, 7, 8] . Sati and I plan to pursue this connection in future work.
In fact, while exploring that connection, another piece of the picture emerged: to define this theory, a 4-dimensional obstruction showed up, which is of a similar nature as obstructions in type I and heterotic string theory. This was our first suggestion that F-theory should somehow be fundamental enough to unify all 10-dimensional string theories.
Following essentially the idea of [5] who worked in the case of Calabi-Yau compactifications, we proposed in [3] , in the context of F-theory compactified on an elliptic curve, the term 1
where A 4 is a 4-form potential, G 4 is a fundamental field same as in Mtheory, and I 8 = (p 2 − λ 2 )/48. Thus, in the case when V 12 = Y 11 × S 1 , (7) is the same as the M-theory action term introduced by Witten [9] , with the potential expanded along the extra dimension. In fact, we speculated in [3] that in that case such term could be expressible as index of loop versions of the E 8 and Rarita-Schwinger indices on Y 11 .
While the leading terms (7) and (5) are similar, they are nevertheless different. One explanation of this is that again objects play different roles. In fact, we are discussing topological terms, and the topologies of the proposed spacetimes in (7), (6) and (5) are quite different. In the case of (7), we have a fiber bundle whose fiber is an elliptic curve, in the case (7) we have a spacetime with boundary (which is M-theory), and in (5) we have a product of three copies of a manifold X 4 . From the Euclidean point of view, that manifold is compact, but we see that we can adapt the term easily to a manifold with (3, 1) Minkowski signature, taking G 4 in cohomology with compact supports.
In fact, note that there is a direct connection between (7) and (6) : (6) is computed on a manifold with boundary. On a closed manifold, it vanishes. Now rewriting (7) in terms of field strengths, we should encounter a fundamental field strength G 5 . We see then that (7) matches (6) in the case A 4 = G 4 , in which case G 5 vanishes (at least on a closed manifold).
Let us also remark that the ideas of [3] also give a suggestion on rewriting (7) in field strengths. By expansion of the situation in M-theory (which one can schematically, although not quite correctly, visualize as an S 1 -compactification of F-theory, see the comments in [3] ), one should have the equation in F-theory
This suggests rewriting the Chern-Simons term of (7) as
similarly as in M-theory. For consistency, similarly as in [3] , the general integrand of (7) should have the form of a Massey product
where the 1-loop correction term should be a part of the intererminacy. When V 12 is Spin-cobordant to 0 (such as in the case of compactification on S 1 ), then it should be possible to calculate this term by integrating over a 13-manifold whose boundary is V 12 , similarly as in [9] .
Concluding remarks
Many questions of course remain. The discussions of [3] in the case of bundle with elliptic fibre do not exclude the (10, 2)-signature despite of the lack of Lorentz-invariance (and modularity) in that case. In fact, the conclusion reached in [3] was that signature (10, 2) is perhaps required when we want IIA (and M) compactifications, which break modularity anyway. (Lorentz invariance, too, is broken by the fiber bundle.) The IIB compactification seemed more consistent with the (9, 3) signature.
Nevertheless, the fact remains that the discussion of the present paper is quite different, as we are considering a different type of compactification, or rather "expansion of one dimension in signature (3, 1) into a triplet of dimensions". This scenario is only possible in signature (9, 3) . To confirm the the theory we present here, one needs more precise calculation in (9, 3) SUGRA than just a numerical comparison of the number of states, although that comparison is suggestive and in fact predicts the "realistic" nature of the dimensional expansion discussed here. Finally, phenomenological Lagrangian terms would have to be introduced. All this amounts to considering additional Lagrangian terms beside the topological Chern-Simons term. This will be pursued in future work.
